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Abstract
This paper is concerned with obtaining the approximate solution of a class of
semi-explicit Integral Algebraic equations (IAEs) of index-1 with weakly singular
kernels. Some function transformations and variable transformations are used to
change the equations into integral equations deﬁned on the standard interval [–1, 1],
so that the solution of the new system possesses better regularity and the Jacobi
orthogonal polynomial theory can be applied conveniently. A Jacobi collocation
method is proposed and its convergence analysis is provided, which theoretically
justiﬁes the spectral rate of convergence. The numerical results are given to verify our
theoretical analysis.
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1 Introduction




y(t) = f(t) +
∫ t
 (t – s)–αK(t, s)y(s)ds
+
∫ t
 (t – s)–αK(t, s)z(s)ds,
 = f(t) +
∫ t
 (t – s)–αK(t, s)y(s)ds
+
∫ t
 (t – s)–αK(t, s)z(s)ds,
t ∈ I = [,T], (.)
where  < α = pq <  (p,q ∈ N, p < q), the functions f, f and Kij(·, ·) (i, j = , ) are known
to be smooth on I and D = {(t, s) :  ≤ s ≤ t ≤ T}, respectively, and y(t), z(t) are unknown
solutions. We assume that f() = , |k(t, t)| ≥ k > , ∀t ∈ I . Under these conditions,
system (.) is called a system of Weakly Singular Integral Algebraic equations (WSIAEs)
of index . System (.) can be written in the following form:
A(t)X(t) = F(t) +
∫ t











)T , F(t) = (f(t), f(t))T ,
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K (t, s) =
(
K(t, s) K(t, s)
K(t, s) K(t, s)
)
.
In practical applications, one frequently encounters system (.). A good source on ap-
plications of IAEs with weakly singular kernels is the initial (boundary) value problems for
the semi-inﬁnite strip and temperature boundary speciﬁcation including two/three-phase
inverse Stefan problems [–]. A wide ranging description of IAEs arising in applications
is given in []. Several numerical methods for integral algebraic equations have been pro-
posed (see e.g. [–]). However, as far as we know the numerical analysis of WSIAEs
is largely incomplete and this is a new topic for research. The existence and uniqueness
for the solution of WSIAEs has been given in [, ]. The piecewise polynomial colloca-
tion method for system (.) and the concept of tractability index have been considered
by Brunner []; he analyzed the regularity of the solutions using conditions that hold for
the ﬁrst and second kind Volterra integral equations. Recently, the eﬀective numerical
method based on the Chebyshev collocation scheme is designed for system (.) in []
and its convergence analysis is provided.
The solutions of system (.) usually have a weak singularity at t = , whose derivatives
are unbounded at t = . To overcome this diﬃculty, we use the idea of the authors in
[]. Both function transformation and variable transformation are used to change the
system into a new system deﬁned on the standard interval [–, ], so that the solutions of
the new system possess better regularity and the Jacobi spectral collocation method can
be applied conveniently. The aim of this work is to use the Jacobi collocation method to
numerically solve the WSIAEs (.) and then a rigorous error analysis is provided in the
weighted L-norm which shows the spectral rate of convergence is attained.
This paper is organized as follows. Some useful results for establishing the convergence
results will be provided in Section . In Section , we carry out the Jacobi collocation
approach for system (.). The convergence of the method in the weighted L-norm as a
main result of the paper is given in Section . Section  gives some numerical experiments.
The ﬁnal section contains conclusions and remarks.
2 Some useful results
In this section, we discuss how the weakly singular IAEs can be changed to treat the prob-
lem. Furthermore, the index concept for WSIAEs which plays a fundamental role in both
the analysis and the development of numerical algorithms for IAEs is discussed.
2.1 Index deﬁnitions for WSIAEs
There are several deﬁnitions of index in literature, not all completely equivalent, such as
the tractability index (see, e.g. Deﬁnition (..) from []), the left index [] and diﬀeren-
tiation index []. Generally, the diﬃculties are arising in the theoretical and numerical
analysis of IAEs relevant to the index notion.
In this paper, we use the concept of the diﬀerentiation index which measures how far
the mainWSIAE is apart from a regular system of VIEs. Namely, the number of analytical
diﬀerentiations of system (.) until it can be formulated as a regular system of Volterra
integral equations is called the diﬀerentiation index.
Now, we consider the index of system (.). According to the classical theory of Volterra
integral equations with weakly singular kernels from [, p.], if we multiply both sides
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of the second equation of (.) by the factor (u – t)α– and integrate with respect to t,













K(s + (t – s)υ, s)
υα( – υ)–α dυ, H(t, s) =
∫ 

K(s + (t – s)υ, s)






We get the following second kind integral equation by diﬀerentiation of equation (.):












where Hj(t, t) = sin(απ )π Kj(t, t) (j = , ) and G′α(f) =
∫ t
 (t – s)α–f ′(s)ds. In fact, G′α(f) can
be obtained using integration by parts to Gα(f) with f() = .
Because |K(t, t)| ≥ k > , we have |H(t, t)| > , then equation (.) together with the
ﬁrst equation of (.) is a system of regular Volterra integral equation.
But it should be noted that this reduction (diﬀerentiation) is not useful from a numer-
ical point of view and such a deﬁnition may be useful for understanding the underlying
mathematical structure of a WSIAEs, and hence choosing a suitable numerical method
for their solutions.
2.2 Smoothness of the solution
We assume that the Hölder space C,β ([,T]) = Cβ ([,T]) is deﬁned to be a subspace of
C([,T]) that consists of functions which are Hölder continuous with the exponent β . For







f ∈ Cm([,T])|Dυ f ∈ C,β([,T]),∀υ, |υ| =m}.
It is shown in [] that this is a Banach space with the following norm:




{ |Dυ f (x) –Dυ f (y)|
|x – y|β
∣∣∣x, y ∈ [,T],x = y}.
It is noted that the solutions of system (.) y(t) and z(t) lie in the Hölder space C–α(I)
and Cα(I), respectively (see [, Theorems .., .., and ..]). In other words, for any
positive integerm, the solutions y(t) and z(t) do not belong to Cm(I). It is well known that
the spectral methods have been an eﬃcient tool for solving the diﬀerential equations with
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smooth solutions. Using the idea of Li and Tang in [], one can overcome this diﬃculty
by introducing the following variable transformation:
t = uq, u = q
√
t, s = wq, w = q
√
s, (.)
to change (.) to the following system:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

























uq– + uq–w + · · · +wq–)Kij(uq,wq) (i, j = , ),
and yˆ(u) = y(uq), zˆ(u) = z(uq) are the smooth solutions of system (.).
The existence and uniqueness results and the smoothness behavior of solutions yˆ and zˆ
of system (.) can be obtained from the corresponding discussions of the classical the-
ory of Volterra integral equations with weakly singular kernels from [] (see e.g. Theo-
rems .. and .. for further details).
3 The Jacobi collocationmethod
We ﬁrst introduce some notations. Let ωα,β (x) = ( – x)α( + x)β (α,β > –) be a weight
function in the usual sense. As deﬁned in [], let us denote Jα,βn (x) the Jacobi polynomial of
degree n with respect to weight ωα,β (x). It is well known that the set of Jacobi polynomials
{Jα,βn (x)}∞n= forms a complete Lωα,β (–, ) orthogonal system, where Lωα,β (–, ) is the space











Particularly, when α = β = , the Jacobi polynomials become Legendre polynomials, and
when α = β = –  , the Jacobi polynomials become Chebyshev polynomials.
For the sake of obtaining a Jacobi spectral method for system (.), we employ the linear
transformation
x = q√T w – , –≤ x≤ v, v =

q√T u – , –≤ v≤ , (.)
to rewrite system (.) as follows:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩












v ∈ [–, ], (.)
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where f˜(v) = fˆ(
q√T
 (v+)), f˜(v) = fˆ(
q√T
 (v+)), y˜(v) = yˆ(
q√T









 (v + ),
q√T
 (x + )
)
(i, j = , ).



















to approximate the solutions y˜ and z˜, where vk are the Gauss-Jacobi quadrature points and
Lk are the interpolating Lagrange polynomials
Lk(v) =
Jα,βN+(v)
(v – vk)J ′α,βN+(v)
, k = , , . . . ,N , (.)
where Jα,βN+(v) is the (N + )th-order Jacobi polynomial.
Now, we ﬁx the value of v for general kernels K˜ij(v,x) and choose x = vk , then K˜ij(v,x)








K˜ij(v, vk)Lk(x), i, j = , . (.)
Substituting equations (.) and (.) into (.) and inserting the collocation points vk
(k = , , . . . ,N ) in the obtained equation, one obtains the following system of linear equa-
tions:































z˜(x)dx (k = , , . . . ,N).
(.)
So, the unknown coeﬃcients y˜(v), y˜(v), . . . , y˜(vN ) and z˜(v), z˜(v), . . . , z˜(vN ) are obtained
by solving the linear system (.) and ﬁnally the approximate solutions y˜N and z˜N will be
computed by substituting these coeﬃcients into (.).
4 Error estimate
To prove the error estimate in the weighted L-norm, we ﬁrst introduce some lemmas
which are usually required to obtain the convergence results.
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Lemma  ([]) Let IN be a linear operator from Ck,β([–, ]) to PN , then ∀k ∈ N, β ∈
[, ], there exists a positive constant Ck,β , such that ∀f ∈ Ck,β([–, ]), ∃IN f ∈ PN , s.t., ‖f –
IN f ‖L∞ ≤ Ck,βN–(k+β)‖f ‖Ck,β ([–,]).








O(logN), – < α,β ≤ –  ,
O(N  +γ ), otherwise,
γ =max{α,β}.
Let e(v) = y˜N (v) – y˜(v), e(v) = z˜N (v) – z˜(v) denote the error functions. The following
main theorem reveals the convergence results of the presented scheme in the weighted
L-norm.
Theorem  Consider the index- weakly singular integral algebraic equations (.) and its
transformed representation (.). Let D˜ = {(t, s) : – ≤ x ≤ v ≤ T}, (y˜N , z˜N ) be the approxi-
mated solution for the exact solution (y˜, z˜) of (.) based on the spectral collocation scheme
(.) and suppose the following conditions hold:
() K˜j ∈ Cm(D˜) (j = , ), f˜ ∈ Cm[–, ];
() K˜j ∈ Cm+(D˜) (j = , ), f˜ ∈ Cm+[–, ] with f˜(–) = ;
()
∣∣K˜(v, v)∣∣ > , ∀v ∈ [–, ].
Then for suﬃciently large N ,
‖e‖L
ωα,β




O(N  –m logN), – < α,β ≤ –  ,
O(N +γ–m logN), otherwise,
‖e‖L
ωα,β




O(N  –m logN), – < α,β ≤ –  ,
O(N+γ–m logN), otherwise,
where γ =max{α,β}.
Proof First, the ﬁrst equation of system (.) can be rewritten as









y˜n(K˜)n, n = l,
y˜n(K˜)l + y˜l(K˜)n, n = l, bnl =
{
z˜n(K˜)n, n = l,
z˜n(K˜)l + z˜l(K˜)n, n = l,
and
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Using these notations, equation (.) can be written as













K˜(vk ,x)y˜(x) + K˜(vk ,x)z˜(x)
)





























Multiplying equation (.) by Lk(v) and summing up from  to N , one obtains
































































































































For the second equation of (.), using a similar procedure as outlined for obtaining the


































































y˜n(K˜)n, n = l,
y˜n(K˜)l + y˜l(K˜)n, n = l, dnl =
{
z˜n(K˜)n, n = l,
z˜n(K˜)l + z˜l(K˜)n, n = l.








H˜(v,x)e(x)dx +W +W +Gα(F), (.)
where F =W +W + IN (Z(v)) + IN (Z(v)), Gα(F) =
∫ v
–(v – x)α–F(x)dx.
On diﬀerentiation of equation (.) with respect to v, we obtain a second kind integral
equation as follows:
















(v – x)α–F ′(x)dx. (.)
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Now, we rewrite equation (.) as

































(v – x)α ∂K˜(v,x)
















From equation (.), H˜(v, v) = sinαππ K˜(v, v) and H˜(v, v) =
sinαπ
π
K˜(v, v), and from the
condition () of Theorem , |K˜(v, v)| > , ∀v ∈ [–, ], so the matrix H(v, v) is invertible















∥∥E(v)∥∥Lω(–,) dx + ‖Nˆ‖Lω(–,), (.)
where 	 =max–≤x<v≤ ‖H–(v, v)R(v,x)‖Lω(–,) and Nˆ =H–(v, v)M.




(v – x)–α‖Nˆ‖Lω(–,) dx + ‖Nˆ‖Lω(–,). (.)
It follows from the generalized Hardy inequality [, Lemma ] that
∥∥E(v)∥∥Lω(–,) ≤ C‖Nˆ‖Lω(–,). (.)
From now on, for simplicity, we denote ‖ · ‖Lω(–,) by ‖ · ‖ and try to derive the error
bounds for the proposed method step by step.
Step : We now estimate the error bounds for Wi (i = , . . . , ). Since IN denotes the
interpolation operator, we have
INϕ(x) = ϕ(x), ∀ϕ(x) ∈ PN .
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It is noted that
‖W‖ = ‖INe – e‖ =
∥∥INe – IN(IN (e)) + IN (e) – e∥∥
≤ ‖IN‖
∥∥e – IN (e)∥∥ + ∥∥IN (e) – e∥∥
≤ (‖IN‖L∞ + )∥∥e – IN (e)∥∥L∞ ,




(v – x)–αK˜(v,x)e(x)dx. (.)
Using Lemma  for k = , Lemma , and Lemma (.) from [], we obtain
‖W‖ ≤
{
C(logN + )N–β‖e‖C,β([–,]) ≤ C logNN–β‖e‖L∞ , – < α,β ≤  ,
C(N  +γ + )N–β‖e‖C,β([–,]) ≤ CN  +γN–β‖e‖L∞ , otherwise.
Then using the inequality (..) from [], we have
‖W‖ ≤
{
C logNN  –m–β |y˜|Hm,Nω (–,), – < α,β ≤  ,













C logNN  –m–β |z˜|Hm,Nω (–,), – < α,β ≤ /,
CN +γ–β–m|z˜|Hm,Nω (–,), otherwise,
‖W‖ ≤
{
C logNN–β‖y˜‖L∞ , – < α,β ≤ /,
CN  +γ–β‖y˜‖L∞ , otherwise,
‖W‖ ≤
{
C logNN–β‖z˜‖L∞ , – < α,β ≤ /,
CN  +γ–β‖z˜‖L∞ , otherwise,
‖W‖ ≤ CN–m|f˜ |Hm,Nω (–,).








O(logN), – < α,β ≤ –  ,
O(N  +γ ), otherwise.
(.)
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≤ C∥∥IN(K˜(vk ,x)) – K˜(vk ,x)∥∥L∞‖y˜N‖L∞
∫ vk
–
(vk – x)–α dx.
Using the transformation (.), we have
∫ vk
–
(vk – x)–α dx = (vk + )(–α)B(,  – α),
where B(·, ·) denotes the Euler Beta function. Then using the inequality (..) from [],
we have
∣∣Z(vk)∣∣≤ C(vk + )(–α)B(,  – α)N  –m∣∣K˜(vk ,x)∣∣Hm,Nω (–,)‖y˜N‖L∞ . (.)
From (.), we obtain
∥∥IN(Z(v))∥∥≤
{




	ij = B(,  – α) max
≤k≤N
(vk + )(–α)




C logNN  –m	‖y˜N‖L∞ ,
CN +γ–m	‖y˜N‖L∞ .
Step : Here, our aim is to ﬁnd a bound for G′α(F) using the suitable inequalities as well






By using the generalized Hardy inequality from [], it can be seen that
∥∥G′α(F)∥∥≤ C∥∥F ′(x)∥∥≤ C(∥∥W ′∥∥ + ∥∥W ′∥∥ + ∥∥IN(Z′(v))∥∥ + ∥∥IN(Z′(v))∥∥). (.)
Using the inequality (..) from [], we have
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Moreover, using integration by parts and the generalized Hardy inequality, we have
∥∥∥∥∂e∂v
∥∥∥∥≤ C(‖e‖ + ∥∥e′∥∥).
Now, using the inequalities (..) and (..) from [] yields
∥∥W ′∥∥≤ C(N–m +N –m)|y˜|Hm,Nω (–,).
Similarly,
∥∥W ′∥∥≤ C(N–m +N –m)|z˜|Hm,Nω (–,).
On the other hand, using the inequality (..) from [] and equation (.), we obtain
∥∥I ′N(Z(v))∥∥≤ CN∥∥IN(Z(v))∥∥≤
{





C logNN  –m	‖y˜N‖L∞ ,
CN+γ–m	‖y˜N‖L∞ .
Finally, the above estimates together with equation (.) lead to Theorem . 
It is noted in [] that the function transformation generally makes the resulting equa-
tions and approximationsmore complicated. As discussed in [, p.], we can also obtain
the error estimates for the numerical solutions to the WSIAEs (.).
Theorem  Consider the index-WSIAEs (.). Let (yN , zN ) be the spectral collocation ap-
proximation for the exact solution (y, z) of system (.), and suppose the following conditions
hold:
() Kj ∈ Cm(D) (j = , ), f ∈ Cm(I);
() Kj ∈ Cm+(D) (j = , ), f ∈ Cm+(I) with f() = ;
() |K(v, v)| > , ∀v ∈ I .
Then for suﬃciently large N ,
‖yN – y‖ ≤
{
O(N  –m logN), – < α,β ≤ –  ,
O(N +γ–m logN), otherwise,
‖zN – z‖ ≤
{




In [, , ], the authors have analyzed the spectral Jacobi collocation method for
Volterra integral equations of the second kind with singular kernel. Here, we consider
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the approximate solution for coupled system of weakly singular integral algebraic equa-
tions which consist of both the ﬁrst and the second kind Volterra integral equations. To
our knowledge, there are no other results as regards the numerical analysis of WSIAEs
except [], which designed an eﬀective numerical method based on the Chebyshev col-
location scheme for system (.) and provided its convergence analysis. It is noted that the
Jacobi collocation method becomes the Chebyshev collocation method for α = β = –/.
In this section, some numerical examples are given to show the validity of the proposed
method. Variable transformations (.) and linear transformations (.) are used to change
theWSIAEs system into a new system such that its solutions have better regularity. All the
computations were performed using the softwareMatlab®. These problems are solved us-
ing the Jacobi collocation method for α =  , β =

 . In order to show the behavior of the










where ωα,β (x) = ( – x)α( + x)β (α,β > –) is the Jacobi weight function.











, K (t, s) =
(
t +  t + s






)T , F(t) = (f(t), f(t))T ,
and f, f are chosen such that the exact solution is
y(t) = arctan
√




Because y′(t) = t
– 
(+t) , z′(t) = t–

 ( et–t + et), it is noted that y′ ∼ t–

 and z′ ∼ t–  at t → .
For α = pq =

 , by using variable transformation t = u, the smooth solutions yˆ = y(u),
zˆ = z(u) are obtained. Inserting yˆ, zˆ in theWSIAEs and using the transformation (.), we
have
AX˜(v) = F˜(v) +
∫ t











)T , F˜(v) = (f˜(v), f˜(v))T .




(–1, 1) errors for Example 1
N ‖y˜N – y˜‖L2
ωα,β
(–1,1) ‖z˜N – z˜‖L2
ωα,β
(–1,1)
4 1.75× 10–4 1.61× 10–3
5 3.34× 10–5 2.59× 10–4
6 7.33× 10–6 5.80× 10–5
7 4.12× 10–7 5.62× 10–6
8 2.35× 10–7 6.15× 10–6
9 4.65× 10–8 3.96× 10–7
Table 2 L2
ωα,β
(–1, 1) errors for Example 2
N ‖y˜N – y˜‖L2
ωα,β
(–1,1) ‖z˜N – z˜‖L2
ωα,β
(–1,1)
4 2.95× 10–4 2.84× 10–3
5 4.55× 10–5 3.70× 10–4
6 7.81× 10–6 8.62× 10–5
7 4.72× 10–7 4.92× 10–6
8 4.31× 10–7 8.78× 10–7
9 5.29× 10–8 5.12× 10–7
Let (y˜N , z˜N ) denote the approximation of the exact solution (y˜, z˜) that is given by equation
(.). The proposed Jacobi collocation methods are applied for system (.). Table  shows












, K (t, s) =
(
e
√s+t(t + s + ) cos s  (t + s)
e






)T , G(t) = (f(t), f(t))T ,
and f, f are chosen such that the exact solution is
y(t) = exp(
√
t), z(t) = sin
( √t).
In Table  we present the weighted L-norm of errors for the numerical solutions by
using the spectral collocation method.
6 Conclusions
This work has been concernedwith the theoretical and numerical analysis of integral alge-
braic equations of index  with weakly singular kernels. It is noted that the solutions of the
WSIAEs are not suﬃciently smooth. So, the original system was changed into a new sys-
tem, by using some function transformations and variable transformations. We presented
a spectral Jacobi collocation approximation for the newWSIAEs. The error estimation of
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the method in the weighted L-norm was obtained. Numerical results are presented to
conﬁrm the theoretical prediction of the exponential rate of convergence.
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